Nonlinear phenomena are widely encountered in practical engineering applications. A typical example is fatigue cracks which open and close under dynamic loadings, exhibiting breathing characteristic and introducing bi-linearity into structures. In this paper, we mainly focus on the idealization of bilinear phenomena by a polynomial function of the desired order which has a greater significance in nonlinear parametric system identification. The proposed polynomial idealization of restoring force of the bilinear problem is validated by comparing the frequency response and displacement time history response of a numerically simulated single degree of freedom cantilever beam with a single-edged breathing crack excited under harmonic loading.
1.Introduction
There are a large number of nonlinear dynamical systems in engineering, modeled as bilinear oscillator. Thompson et.al [1] modeled the motion of an articulated mooring tower system as a bilinear oscillator that has different stiffness for positive and negative deflections due to the slackening of mooring lines. Wilson and Gallis [2] modeled a multi-bay, multi-story scaffold with loose tube-in-tube connecting joints as a plane structure in sway and evaluated the essential dynamic characteristics when subjected to lateral base excitations. Their investigations were based on a two-degree of freedom model where the loose restraining joint between adjacent stories was treated as a bilinear oscillator. Cacciola et al [3] have inspected the vibrational response of a beam with an edge non-propagating crack by means of stochastic analysis where the bilinear stiffness restoring force has been used. Rivola and White [4] employed the bilinear oscillator model to simulate the nonlinear behaviour of a beam with a closing crack and used the bispectrum to analyze the system response.
A number of analytical and numerical studies on bilinear oscillators have appeared in the literature. Natsiavas [5] applied an analytical procedure to determine the exact, single-crossing, periodic response of a similar class of harmonically excited piecewise linear oscillators whose damping and restoring force are bilinear functions of the system velocity and displacement. Chu and Shen [6] employed two square wave functions to model the stiffness change in bilinear oscillators, and proposed a new closed-form solution for bilinear oscillators under low-frequency excitation. Bayly [7] derived an analytical relationship between the strength of a weak stiffness discontinuity and the magnitudes of super harmonic peaks in the output Fourier spectrum of a bilinear oscillator.
Polynomial nonlinear systems have been widely used to model those bilinear oscillator and also other classes of nonlinear phenomena in practices such as the saturation phenomenon in the vibration absorber, the nonlinear vibrations in metal cutting, and the well-known Duffing oscillators and van der Pol oscillators [8] . In the present work, a cantilever beam with a single-edged breathing crack system exhibiting bilinear nature is first numerically simulated under harmonic loading, and then its approximation with a polynomial system upto 4th order is illustrated. The time history responses obtained from the polynomial model are compared with the simulation results. The effectiveness of the proposed idealization of bilinear behaviour with fourth order polynomial is also validated by comparing the frequency-response curves obtained with the actual bilinear model. We have considered an example of a beam with a breathing crack. When alternating loads are applied to the beam, cracks may be opening and closing, known as breathing cracks. This problem is chosen specifically as these breathing cracks generally initiated due to persistent cyclic (fatigue) loading on structures and will continue to propagate once developed. In recent years, there has been significant interest in detecting these cracks prior to the final failure that could result in a catastrophic loss of life and property damage. Conceptually, the breathing crack may create a bilinear stiffness effect, as illustrated in Fig. 1 . When the cracked domain is under compression (i.e. x < 0) with the crack closed i.e. contact of two crack surfaces as shown in Fig. 1 , the stiffness is assumed to be k; the stiffness is scaled by the parameter α (0 < α < 1) when the cracked domain is under tension and with open cracks. Since the restoring force of a cracked structure follows this loading path, one can easily visualise that the structure will exhibit such a bilinear behavior and generate nonlinear harmonic responses to interrogation signals. The nonlinear response of the damaged structure includes many signatures such as super-harmonics, sub-harmonics or DC offsets [9] .
Breathing crack problem
The equation of motion of a beam with breathing crack (bilinear oscillator) can be written as
( 1) where g(x) is the restoring force of breathing crack problem (bilinear stiffness effect) and m and c are the mass and damping respectively; x(t) is the displacement; k is the stiffness; α is known as the stiffness ratio (0 ≤ α ≤ 1), f(t) is the external force exciting the system. The stiffness ratio α is equal to one for the linear system. When this linear system is excited by a harmonic force, the response will be a harmonic function of the same frequency. If α is smaller than one, then the response is expected to contain several harmonics of the excitation frequency. By modal transformation, we can arrive at the value of α as given below
the crack is open
where Φ indicates the fundamental mode and ω is the fundamental frequency and k' represents the reduced stiffness due to the crack [10] .The bilinear frequency ωB of the free undamped vibration of bilinear oscillator is given by
where ω0 and ω1 are the natural frequencies of the un-cracked and cracked beam respectively, k and k' is the stiffness corresponding to the un-cracked and cracked states of the beam. The same can be employed for a damped system as the damping ratio is usually small in practice.
Polynomial model
It is relatively easier to handle systems having polynomial type of nonlinearity for nonlinear system identification; therefore we propose to represent the bilinear behavior (piece wise linear continuous function) by an appropriate polynomial. For this purpose, we make use of the Weierstrass approximation theorem [11] This theorem ensures that any continuous function on a closed and bounded interval can be uniformly approximated on that interval by a polynomial to any degree of accuracy. In the present work, we approximate the bilinear nature restoring force component by a polynomial of order 4 in the domain [-X, X] using the Weierstrass Approximation theorem. The approximated polynomial type nonlinear system with assumed polynomial restoring force is given by 
mx(t )+cx(t )+g[ x(t )]=f (t ) with g[ x(t )]=g +c kx +c kx +c kx +c kx
Where g0 indicates the constant term, k indicates the uncracked stiffness and c1kx represents the linear component and the other high order terms indicate the nonlinear components of the approximated polynomial nonlinear system. In practice, the term g0 given in equation (5) can be neglected when no static force is applied to the structure [12] . The linear natural frequency ωL of the approximated polynomial-type nonlinear system can be written in terms of uncracked natural frequency ω0 as
The coefficients, c1, c2, c3, c4 are evaluated by minimizing the error function E between the actual and approximated polynomial nonlinear system using the above mentioned Weierstrass approximation theorem in the domain [-X, X] as 
XÊ ( c ,c ,c ,c )= g[ x( t )]-g[ x( t )]} dx
By applying the above equation, the coefficients are obtained as
The coefficients estimated using Weierstrass Approximation Theorem for different stiffness ratio with the value of X as 1 is shown in Table 1 . The following observations can be made from the coefficients of the approximated polynomial system (Table 1) All the absolute value of coefficients, apart from c1, increase with a decrease of α. This clearly implies that the nonlinear strength of the breathing crack problem increases with the decrease of α.
It can also be observed that the values of all coefficients except c1 are functions of X. This implies that as stated earlier, the coefficient c1 reflects the linear behaviour, while the other coefficients contribute to nonlinear behaviour of the system.
In order to validate the proposed polynomial model of the nonlinear system to the actual bilinear system representing the beam with a breathing crack, we evaluate the natural frequencies for varied stiffness ratios and the results obtained are presented in Table 2 . Table 2 shows a comparison between ωL and ωB for varied different stiffness ratios. We can clearly observe that the linear natural frequency of polynomial nonlinear system ωL matches well with the actual bilinear frequency ωB. It can be concluded from this study that it is justifiable to adopt the polynomial nonlinear system of order 4 for idealization of breathing crack problem.
Numerical studies
It is evident from the earlier discussions in this paper, that the breathing crack problem can be conveniently expressed as a bilinear oscillator. Further it is also justified to represent the bilinear behavior using a polynomial form of nonlinear representation. With this, the breathing crack problem can be conveniently written in the form of a bilinear oscillator (SDOF System) as
Where α is the stiffness ratio varying between 0 and 1 such that α =1 for x(t)<0 and α <1 for x(t)≥ 0. Further the system can be idealized as a system with polynomial terms having coefficients upto 4th order depending on the value of the stiffness ratio, as discussed earlier. 
x(t)+0.01x( t )+0.9k x(t)-0.027283k x (t)+3.7685e-04k x (t)=1sin(0.75*t )
The value of X is chosen as 6 for this problem. The system is subjected to harmonic excitation and responses are measured using Runge-Kutta integration scheme. The linear natural frequency of the system is found to be 0.944 Hz. The displacement time history response and the corresponding Fourier spectrum of the actual system and the approximated polynomial system are shown in Fig. 2a and Fig. 2b respectively. The following observations can be made from Fig. 2 .
The Fourier spectrum of the breathing crack problem shows peak around linear natural frequency and also at higher order harmonics (i.e. 1Hz, 1.25Hz and 2Hz). The presence of higher harmonics is due to the transfer of energy of the input signal from the input frequency mode to modes at other frequency locations.
It should be also noted here that if the super harmonic components contain more energy in the output spectrum, then the nonlinear effect of the system is stronger.
It can also be clearly observed from Fig. 2 that the displacement time history responses and the frequency spectra obtained using the proposed polynomial model for breathing crack matches well with the actual numerical simulation results of the breathing crack problem. Therefore, we can use confidently use this equivalent polynomial model (idealized for non-polynomial form of nonlinearity) to characterize breathing crack problem. This simple but effective polynomial idealization of nonlinear systems has a greater advantage in nonlinear system identification (characterization and parameter estimation) and damage identification in the context of structural health monitoring and also helpful in the design, control and fault detection of mechanical systems and rotary machineries.
Conclusion
When a beam subjected to a dynamic excitation vibrates, a transverse "breathing" crack present in the beam can change the state (from open to close and vice-versa), causing non-linear dynamic behaviour. A simple polynomial model is proposed in this paper to model the beam with breathing crack. The proposed polynomial model is validated for a cracked cantilever beam with a transverse one-edge non-propagating closing crack. Numerical simulation studies presented in this paper clearly indicates that the results of the proposed polynomial model compare well with the actual results. Hence, we can conveniently employ this amplitude dependent polynomial model to model nonlinear systems exhibiting bilinear behaviour.
